Abstract: For dyons in heterotic string theory compactified on a six-torus, with electric charge vector Q and magnetic charge vector P , the positive integer I ≡ gcd(Q ∧ P ) is an invariant of the U-duality group. We propose the microscopic theory for computing the spectrum of all dyons for all values of I, generalizing earlier results that exist only for the simplest case of I = 1. Our derivation uses a combination of arguments from duality, 4d-5d lift, and a careful analysis of fermionic zero modes. The resulting degeneracy agrees with the black hole degeneracy for large charges and with the degeneracy of field-theory dyons for small charges. It naturally satisfies several physical requirements including integrality and duality invariance. As a byproduct, we also derive the microscopic (0, 4) superconformal field theory relevant for computing the spectrum of five-dimensional Strominger-Vafa black holes in ALE backgrounds and count the resulting degeneracies.
Introduction
In this note we propose the microscopic theory for counting all possible dyons in heterotic string theory compactified on a six-dimensional torus T 6 . The resulting four-dimensional theory has N = 4 supersymmetry with a U-duality group G(Z) ≡ O(22, 6; Z) × SL(2, Z).
(1.1)
A dyonic state in the theory is specified by a charge vector
where the index i = 1, . . . , 28 transforms in the vector representation of the T-duality group O(22, 6; Z) and α = 1, 2 transforms in the fundamental representation of the S-duality group SL(2, Z). The components Q i and P i can be regarded as the electric and magnetic charge vectors of the state respectively. A quarter-BPS dyon is characterized by the following relation between the mass M and the two central charges Z 1 (Γ, φ) and Z 2 (Γ, φ) of the N = 4 superalgebra:
3)
The mass thus depends both on the charge Γ of the state and the asymptotic values of the moduli which we have denoted generically by φ. Such a state preserves four of the sixteen supersymmetries and belongs to a 64-dimensional supermultiplet. We will be interested in knowing the degeneracy Ω(Γ, φ) of all such dyons in the theory. One physical requirement on the dyon spectrum is that it should be duality invariant. More precisely, this means that if (Γ, φ) transform to (Γ ′ , φ ′ ) under a duality transformation, then we must have Ω(Γ ′ , φ ′ ) = Ω(Γ, φ). It is therefore useful to know the duality invariants that one can form from the charge vector Γ. There is a unique quartic invariant of the duality group 4) which is an invariant not only of G(Z) but also of G(R), the continuous form of the duality group over real numbers. Since G(R) is a symmetry of the low energy supergravity action, macroscopic physical quantities which follow from the two-derivative supergravity action, such as the leading Bekenstein-Hawking entropy of the corresponding black holes, are expected to be functions of this duality invariant ∆. In the full quantum theory, because of the Dirac quantization condition, only the discrete duality group G(Z) is a symmetry that preserves the integrality of charges. Since this is a smaller symmetry than the continuous one, there are more subtle additional invariants. For example, one such important invariant noted in [1] in this context is defined by I = gcd(Q ∧ P ).
(1.5)
This positive integer is an invariant of G(Z) but not of G(R), because g.c.d. is a concept defined only for integers and not for reals. We refer to such invariants as 'discrete invariants' to underscore the fact that they are invariants of the discrete group but not of the continuous one.
As we will discuss later in more detail, I is essentially the unique discrete invariant that is relevant to this problem. The duality orbits of dyons can then be subdivided into an infinite number of families labeled by the positive integer I. Much of the earlier work starting with the work of Dijkgraaf, Verlinde, Verlinde concerns the spectrum of dyons in only the first of these families with I = 1 [2, 3, 4, 5, 6, 7, 8] . Generalizations to other N = 4 orbifolds are also restricted to the case I = 1 [9, 10, 6, 1, 7, 11, 12] . States which have the same value ∆ but different value of I will in general have different degeneracies because they belong to different duality orbits. For black holes, this will show up at the exponentially subleading order. But as we will see, these contributions are important for comparison with field theory. Our objective will be to compute the degeneracy Ω(Γ, φ) for all values of I.
In section §2, we begin with some generalities about duality and its implications for the dyon spectrum. In §2.1 we review the invariants that characterize the dyons, in particular the discrete ones, and discuss the expected transformation properties of the dyon spectrum. We then discuss the basic properties of the dyon partition function in terms of the Siegel modular forms in §2.2.
In section §3, we turn to the microscopic derivation. In §3.1, we consider representative members of dyons in each duality orbit both in heterotic and Type-II frame. In particular, we choose a system of D-branes and multiple Kaluza-Klein monopoles. In §3.2, we review the relevant aspects of the geometry of Kaluza-Klein monopoles and discuss the 4d-5d lift in this context. In §3.3 we address the simpler but closely related problem of counting the degeneracies of five dimensional three charge black holes in ALE space. In the appendix §3.2, we analyze the problem of bound states of KK-P system by mapping it to the F1-P system paying special attention to the fermionic zero modes. Using the insights from the five-dimensional case and the KK-P bound states, we discuss the degeneracies of four-dimensional dyons in §3. 4 . We propose the microscopic (1+1)-dimensional superconformal field theory relevant for this counting. Using this SCFT, we derive the partition function for the dyons.
In section §4, we discuss the modular properties of the partition function and their physical consequences. We show in §4.1 that the partition function obtained from the microscopic theory is given in terms of Siegel modular forms that are invariant under Γ 0 (I) subgroup of Sp(2, Z). We show how to extract the degeneracies from this partition function that exhibit the duality invariance under the full SL(2, Z) S-duality group along with an expected dependence on the moduli. In §4.2, we consider the field theory limit of these string theory dyons and show that the spectrum is in agreement with independent field theoretic computations. Our microscopic partition function is in agreement with recent macroscopic proposal in [13, 14] which was motivated from the analysis of various physical constraints on the spectrum of dyons.
We conclude in §5 with discussion and comments.
Duality and the dyon spectrum
In this section we consider the implications of duality for formulating the dyon partition functions in different duality orbits.
Duality invariants for N = 4 dyons
Both Q i and P i are lattice vectors in the self-dual, even, Lorentzian Narain lattice Λ 22,6 on which O(22, 6; Z) has a natural action. Using O(22, 6; R) invariant Lorentzian metric
one can define three T-duality invariants Q 2 , P 2 , and Q · P . Using the antisymmetric tensor ǫ αβ of SL(2, R), we can write the U-duality invariant ∆ as
which is manifestly an invariant also of the continuous group G(R).
Turning to the discrete invariant, there are a number of ways to see that the positive integer I defined in (1.5) is an invariant of G(Z). Geometrically, given two vectors Q and P in the Narain lattice, (Q ∧ P ) defines the area tensor of the parallelogram spanned by them. The invariant I − 1 then counts the number of lattice points inside this parallelogram [1] . If I = 1, then the parallelogram is a primitive cell of the lattice, otherwise it is non-primitive. There is also a group-theoretic way to see that I is an invariant [15] . We can write
This positive integer is manifestly SL(2, Z) invariant. Furthermore, the area tensor (ǫ αβ Γ i α Γ j β ) transforms linearly in the antisymmetric tensor representation of G(Z) which is represented by matrices with integer entries. Linear multiplication by an invertible integral matrix of O(22, 6; Z) cannot change the greatest common divisor of all components of the area tensor, and hence I is an invariant.
Subsequent analysis [15, 16] revealed that I is essentially the only discrete invariant that we need to worry about in this context. To see this, let us first analyze the discrete invariants of the T-duality group O(22, 6; Z). We assume that the total charge vector Γ = (Q, P ) is primitive so that it cannot be written as a multiple of any other lattice vector (Q 0 , P 0 ). Otherwise, the dyon can split into a number of single particle states. Now, even if we restrict Γ to be primitive, Q and P can individually be nonprimitive. This means for example that we can write Q = r 1 Q 0 and P = r 2 P 0 for some lattice vectors Q 0 and P 0 , where r 1 and r 2 are integers without a common factor. Now, since we are interested in quarter-BPS dyons, Q and P must be nonparallel. Hence, the two vectors Q and P generate a two-dimensional sublattice Λ 0 of the Narain lattice. It is then possible to choose a basis for this sublattice (e 1 , e 2 ) [15] so that Q = r 1 e 1 , P = r 2 (u 1 e 1 + r 3 e 2 ), r 1 , r 2 , r 3 ,
(2.5)
The integers r 1 , r 2 , r 3 , u 1 together with Q 2 , P 2 , and Q · P can be shown to be the complete set of T-duality invariants [15] .
Given the T-duality invariants, one can then investigate the consequences of S-duality invariance. Note that the discrete U-duality invariant I is simply the product r 1 r 2 r 3 . It can be shown [16, 17] that a general set of discrete invariants (r 1 , r 2 , r 3 , u 1 ) can be mapped to a representative in this orbit of the form (I, 1, 1, 1) by an SL(2, Z) transformation. Moreover, this choice of the representative is invariant under the congruence subgroup Γ 0 (I) of the SL(2, Z). It will therefore suffice to compute the degeneracy in each family with the discrete invariants fixed to (I, 1, 1, 1), which is expected to exhibit the Γ 0 (I) symmetry.
Generalities about the dyon partition function
We will see that for each orbit labeled by the discrete invariant I, the degeneracies of dyons are summarized in terms of a dyon partition function Z I (ρ, σ, v) of three complex variables (ρ, σ, v), which can be thought of as the three (complexified) chemical potentials for the three T-duality invariant integers (Q 2 /2, P 2 /2, Q · P ) respectively. One of the unexpected aspects of the dyon partition function is that it can be expressed in terms of certain Siegel modular forms of Sp(2, Z) and its congruence subgroups. This large modular symmetry allows us to demonstrate S-duality invariance of the spectrum, but the full Sp(2, Z) symmetry itself is too large to be accommodated inside the physical duality group G(Z) in any obvious way. It has become clear recently that this symmetry has other important physical consequences. For example, it determines elegantly the moduli dependence of the spectrum and the structure of walls of marginal stability [1, 18, 19] . The physical origin of this symmetry for the special case I = 1 can be explained from the representation of the dyons in M-theory using M5-branes [8, 12] but the situation for higher values of I remains mysterious.
To establish the notation, let us recall a few facts about Siegel modular forms. The three chemical potentials can be packaged together as a symmetric (2 × 2) matrix τ with complex entries
which parametrizes the 'Siegel upper half-plane' in the space of (ρ, v, σ). We write an element g of Sp(2, Z) as a (4 × 4) matrix in the block form as
where A, B, C, D are all (2 × 2) matrices with integer entries. They satisfy 9) so that gJg t = J where J = 0 −1 1 0 is the symplectic form. The matrix τ can be thought of as the period matrix of a genus two Riemann surface on which there is a natural symplectic action of Sp(2, Z). An element g of the form (2.8) acts as
With these definitions, genus-two Siegel modular forms can be defined as a generalization of genus-one modular forms that transform under SL(2, Z) ∼ Sp(1, Z). A Siegel modular form Φ k (τ ) of weight k is holomorphic in the Siegel upper half-plane and transforms under the transformation (2.10) as
It turns out that the partition functions can be expressed compactly in terms of Siegel modular forms. For example, in the simplest case I = 1, the partition function Z 1 (τ ) is given by 12) where Φ 10 is the well-known Igusa cusp form, which is the unique weight 10 form of Sp(2, Z). The partition function therefore transforms as in (2.10) with a negative weight −10. There is a natural embedding of the physical S-duality group SL(2, Z) into Sp(2, Z), which we will discuss in detail in §4.1. Under this embedding the SL(2, Z) are represented by certain Sp(2, Z) matrices with C = 0. Combining this fact with the modular property (2.10) one can then conclude that the partition function is SL(2, Z) invariant.
Note that the partition function is not necessarily holomorphic and can have poles in the Siegel upper half-plane. Indeed, these poles in the partition function imply 'phase transitions' which in this supersymmetric context correspond to crossing walls of marginal stability. On the other hand, as one might expect on physical grounds, the partition function has no zeros as a function of the chemical potentials, which follows from the fact that Φ 10 has no poles in the Siegel upper half-plane.
As we will see, the structure generalizes naturally for I > 1. In all cases, the partition function Z I is invariant under a congruence subgroup Γ 0 (I) ⊂ SL(2, Z) ⊂ Sp(2, Z). In terms of this partition function, the degeneracy is then given by
where the integral is over the contour
over the three coordinates, where Re and Im denote the real and imaginary parts. This defines the integration curve C as a 3-torus in the Siegel upper half-plane. The choice of the contour is defined by the precise values of the imaginary parts and is determined by the region of the moduli space to which φ belongs. This moduli dependence and other physical properties of the partition function will be discussed later in §4. Note that the degeneracy defined above is really an index computing the difference between 64-dimensional supermultiplets built on either bosonic or fermionic ground states.
Microscopic derivation
We now turn to the microscopic derivation of the degeneracies. Following the experience for the I = 1 case, we will make use of the 4d-5d lift [3, 4] to relate this four-dimensional computation to a five dimensional computation of D1D5P black holes. One novelty for I > 1 is that the counting involves multiple Kaluza-Klein monopoles and the superconformal field theory (SCFT) on the effective string describing this counting is more complicated. We propose an effective SCFT using an analysis of D1-D5 brane in ALE space, of multi-particle states of multiply wound strings and their fermion zero modes, and constraints from duality invariance. The microscopic partition function is then given in terms of a modified elliptic genus of this SCFT.
Representative configurations of dyons
To prepare for the microscopic derivation, we would like to choose simple representatives in each duality orbit. We first label the charges in the heterotic frame where the SL(2, Z) duality group corresponds to the electric-magnetic S-duality. We then go to a Type-IIB frame to map the configuration to a system of D-branes.
Consider heterotic string theory on R Let n, w, K, and W be the momentum, winding, KK-monopole, and NS5-brane charges respectively associated with the circle S 1 . Similarlyñ,w,K, andW are the corresponding charges associated with the circleS 1 . There are two potentially confusing points about the notation and the physics. First, even though the state with charge W is associated with the S 1 circle and is charged with respect to the 4d gauge field B µ5 coming from the reduction of the antisymmetric tensor field with one index along the S 1 circle, it corresponds to an NS5-brane wrapping along theS 1 circle and the T 4 . Second, even though K is the charge that is magnetically dual to n is in terms of Dirac quantization condition, the state that is S-dual to n under the SL(2, Z) group is W because of the way the various Z 2 duality symmetries are embedded into the nonabelian duality group G(Z). Similar comments hold for charges with the tilde. With these notations, we can consider a dyon which is a bound state of all these objects, so that we have
where the subscript H denotes that we are labeling the charges in the heterotic frame.
To compute the continuous T-duality invariants of the dyon with these eight charges, we can use the metric (2.1) restricted to the Λ 2,2 Narain lattice associated with the two circles. One then obtains
We can thus realize all integer values of these duality invariants using the eight basic charges. For deriving the spectrum it is useful to go to the Type-IIB frame and map the dyon configuration to a system of D-branes in Taub-NUT geometry of KK-monopoles. This can be achieved in three steps.
1. We first use string-string duality to go to Type-IIA on
Under this duality, the momentum and the KK-monopole charges are not affected. Since a fundamental heterotic string wrapping a circle is an NS5-brane of Type-IIA wrapping the same circle and K3, a winding charge w in the heterotic frame is relabeled as the NS5-brane chargeW in the Type-II frame. We denote this IIA frame with a subscript A.
We then T-dualize along theS
1 circle to go to Type-IIB frame. Under this duality,ñ andw in the IIA frame get relabeled respectively asw andñ in the IIB frame. Similarlỹ K andW in the IIA frame get relabeled asW andK respectively. We denote this IIB frame with a subscript B ′ .
3. Finally, we use ten-dimensional S-duality of Type-IIB which maps the NS5-branes and winding strings to D5-branes and D1-branes respectively. Under this duality, w gets mapped to Q 1 which denotes the charge of D1-branes wrapping S 1 . Since W is wrapping S 1 and K3, it gets mapped toQ 5 which denotes the charge of D5-branes wrappingS 1 and K3. Similarly,w andW turn intoQ 1 and Q 5 respectively 2 . Momentum and KK charges remain unchanged. We denote this IIB frame with a subscript B.
In these three duality frames, the charges above are labeled as
In what follows, we choose the following configuration of charges 4) in the IIB frame. The discrete invariant I for this configuration is
It is clear then, that there are two simple ways to obtain an arbitrary value for I.
1. We can takeK = I and n = Im and choose Q 1 , Q 5 , m,ñ to be relatively prime with respect to each other. In the notation of (2.4) we then have r 1 = I, r 2 = r 3 = 1. 2. We can take Q 1 = Iq 1 ,ñ = Im, Q 5 = Iq 5 and choose q 1 ,K, q 5 ,m, n to be relatively prime with respect to each other. In the notation of (2.4) we then have r 2 = I, r 1 = r 3 = 1.
In the following section, we consider the first configuration above to derive the degeneracies so that the KK-monopole charge is I and the momentum is n = Im. This generalizes theK = 1 case which was used for a 4d-5d lift in [3, 4, 7] . Since this configuration can realize all values of the duality invariant, by deducing the degeneracy for each such representative, we can obtain the fully U-duality invariant spectrum of dyons for all values of I.
Multiple Kaluza-Klein monopoles and 4d-5d lift
The geometry of I KK-monopoles [20, 21] is given by the multi-centered Taub-NUT space T N I of charge I [22] with metric
where x 4 is a compact direction and x ≡ (x 1 , x 2 , x 3 ) are coordinates in R 3 . The harmonic function V ( x) and the vector potential ω are defined by
At asymptotic infinity when | x| is very large, the geometry asymptotes to R 3 ×S 1 . The vectors { x s } can be interpreted as the I locations of the KK-monopoles in the transverse R 3 space. The coordinate x 4 must have periodicity 16πm in order that the solutions are free from conical singularities at x = x s . We can therefore identify 8m with the radiusR of the circleS 1 . The multi-centered Taub-NUT space supports I linearly independent, self-dual, normalizable harmonic 2-forms Σ s given by [23] 
Let us recall the arguments regarding the 4d-5d lift when I = 1. In this case, the geometry of a single KK-monopole is given by the Taub-NUT space of unit charge. We can take x 1 = 0 so that the KK-monopole is localized at the origin. This space has a U(1) translational symmetry along the x 4 coordinate and Spin(3) rotational symmetry in R 3 . Far away from the origin, |x| >>R, this space asymptotes to R 3 ×S. Close to the origin, |x| <<R it looks like R 4 . The Euclidean space R 4 has Spin(4) ∼ SU(2) L × SU(2) R rotational symmetry. Let J 12 and J 34 be the Cartan generators of the Spin(4) corresponding to rotations in the 12 plane and 34 plane respectively. Then the Cartan generators
The Spin(3) symmetry of the full geometry can be identified with SU(2) R symmetry at the origin and the U(1) translational symmetry along the circle with U(1) L at the origin. By taking the radius of theS 1 circle to be large compared to the Planck scale, one can focus on the region near the origin. Moreover, since the generator of translations along the KK-circleS 1 becomes the generator 2J L , we can identify the asymptotic momentumñ with the angular momentum l in R 4 near the core of the Taub-NUT space. This allows one to relate the 4-dimensional dyon to the 5-dimensional D1-D5 system corresponding to the BMPV black hole [24] with momentum n and angular momentum 2J L =ñ = l. The 5d counting problem of the D1-D5 system is captured by a (4, 4) two-dimensional superconformal field theory along the worldvolume R × S 1 with target space Sym Q 1 Q 5 +1 (K3) [25] . We denote this sigma model
To count the 4d degeneracy, one must also consider contributions from the center of mass (COM) motion of the D1-D5 system in the Taub-NUT space, as well as the bound states of momentum and KK-monopole [6, 7] . For I > 1, there are several difficulties in generalizing the above considerations. First, multi-KK monopoles have collective coordinates describing their relative motions which parametrize a nontrivial moduli space. One needs to understand quantum mechanics on this moduli space to fully understand the spectrum of bound states. This is a potentially complicated problem but using the fact that KK-monopole is dual the heterotic fundamental string, we can predict what kind of bound states are possible. From this analysis and from the analysis of the fermionic zero modes, we will argue that for the counting problem of our interest, all KK-monopoles are essentially sitting on top of each other with an appropriately symmetrized wavefunction. Second, the Taub-NUT space admits I nontrivial 2-cycles Poincaré dual to self-dual harmonic 2-forms (3.9). For a pair of KK-monopoles there is a 2-cycle that touches both of them [26] . The area of this 2-cycle is proportional to the distance between the two monopoles and goes to zero as the monopoles approach each other. A D3-brane wrapping such a cycle will give rise to tensionless strings [27] . As a result, while quantizing the moduli space of KK-monopoles, one has to take into account the potential contribution from these tensionless strings which is a difficult problem. To gain some insight into these difficulties, we will consider two closely related simpler problems.
• First, in the following subsection §3.3, we consider the situation when all KK-monopoles are sitting at the origin so that x s = 0 for all s and the radiusR is very large. In this limit, multi-centered Taub-NUT space becomes an asymptotically locally Euclidean (ALE) space C 2 /Z I . Moreover, the KK-P bound states move out of the spectrum, and the COM motion of the D1-D5 system is on the ALE space.
• Second, in the appendix §A.3, we discuss the multiparticle Hilbert space of multiply wound heterotic strings which are dual to the collection of I KK monopoles. Analysis of the spectrum and of fermionic zero modes in various duality frames indicates that in the context of this counting problem, the contribution from the tensionless strings appears not to be important.
Combining these arguments, we propose the candidate microscopic SCFT in §3.4 that counts the dyons that we are interested in. The resulting spectrum passes a number of nontrivial consistency checks discussed in §4. This can be viewed as a further supporting evidence for our microscopic proposal.
Five-dimensional black holes on ALE spaces
When we replace the multi-centered Taub-NUT space by the ALE space C 2 /Z I , we have type IIB string theory on R × C 2 /Z I × S 1 × K3. We consider a system of charges consisting of D1-branes wrapping the S 1 , D5-branes wrapping the K3 × S 1 , momentum excitations P along the S 1 , and angular momentum j placed at the origin of the ALE space. In R × C 2 /Z I we do not have Poincaré symmetry but can label point particle states or black holes by their mass and the spin under the unbroken symmetry group U(1) L × SU(2) R . Such a state is quarter-BPS, and we denote it by the five-dimensional charge vector 3 Γ (5) ≡ (Q 1 , Q 5 , n, j). In the low energy effective N = 4, 5-dimensional supergravity description, this state is a black hole at the center of ALE space with an entropy given by the Wald formula. At leading order in the large charge expansion, this entropy is a quarter of the area in Planck units of the 5d black hole. We would like to count the entropy by counting the excitations in the microscopic description.
When I = 1, the noncompact spacetime is R 1,4 , the low energy theory on the worldvolume of the branes is a two dimensional (4, 4) SCFT
The states we are interested in are purely left-moving excitations in this theory tensored with the right-moving oscillator ground state which preserves the required four supercharges. The charge n is then the L 0 eigenvalue, and the charge j is equal to the charge l under the current J 0 which is the U(1) L ⊂ SU(2) L R-symmetry current in the left moving sector. The degeneracy d(Γ (5) ) of such states Γ (5) = (Q 1 , Q 5 , n, l) is generated by an index invariant under the deformations of the theory. In the above case, the presence of the R 4 includes two complex fermion zero modes, and therefore the relevant index is a modified elliptic genus, or a helicity supertrace. [28, 29, 30] 
14)
The form of X 5d implies that the degeneracy above only depends on the product Q 1 Q 5 4 . For a product space like (3.13) where one of the factors has two fermion zero modes and the second does not, the index E 2 is a product of the elliptic genus χ(Sym Q 1 Q 5 +1 (K3)) and the modified elliptic genus of R 4 :
(3.15) 3 We will assume that (Q 1 , Q 5 ) are relatively prime and also that they are relatively prime with respect to n and I. We allow (n, I) to have common factors. 4 In our notation J 0 = 2J L andJ o = 2J R are the R-charges of the SCFT and are integers.
For generic I, the orbifold action of Z I is embedded into the U(1) L of the Spin(4) = SU(2) L × SU(2) R symmetry of the transverse R 4 and therefore preserves the rightmoving supercharges. The orbifold action commutes with U(1) L whose quantum number we have indicated by j. The low energy effective theory is thus a (0, 4) 2d SCFT. This theory can be deduced using a quiver construction [31, 32] generalizing the analysis of the quiver with K3 replaced by T 4 . This analysis, which will be presented in detail in [31] , suggests that SCFT of interest is Sym I (R 4 × Sym Q 1 Q 5 +1 (K3))/Z I where the Z I belongs to the SU(2) L R-symmetry of the parent theory. It acts on the left moving fermions and breaks all the supersymmetry generated by them. It also breaks the SU(2) L symmetry to a U(1) subgroup. This surviving left-moving U(1) symmetry of the orbifold theory is no longer an R-symmetry but can still be used to define the quantum number j.
The orbifold action generates a new Z I quantum symmetry which labels the twist sectors. The black hole state we are interested in carries zero charge under this symmetry, and so can focus our attention to the untwisted sector of the orbifold, i.e. the invariant states in the parent (4, 4) theory. Furthermore, because of the Z I projection, a state with U(1) L charge j in the orbifold theory descends from a state with J 0 R-charge l = Ij in the parent (4, 4) theory. Therefore, the degeneracy of states of the form Γ (5) = (Q 1 , Q 5 , n, l; I) in the ALE space are given by d 16) whereĉ is defined by the Fourier expansion of the modified elliptic genus
Whenever the sigma model on X 5d has two fermion zero modes, one can show that the contributions to the quantity E 2 (X 5d ) only arise from each Hilbert subspace of strings of length r which divides I, and in each such Hilbert space, we count excitations of integer momentum nr/I and J charge lr/I [33] . We review this theorem in §A.1. Using this theorem, we can now write the degeneracy of the symmetrized theory in terms of the degeneracy of dyons in flat space (3.15):ĉ 5d
For large charges, the leading contribution to the above degeneracy comes from the s = 1 term with the asymptotics 19) which is indeed in agreement with the Bekenstein-Hawking entropy of the 5d black hole in ALE space [3] . The shift of l 2 /4 = I 2 j 2 /4 can be understood as coming from the spectral flow in the parent (4, 4) theory. The correctness of the subleading terms cannot be checked independently for the K3 case. But a similar analysis for T 4 results in answers consistent with large E 7,7 (Z) duality invariance in that case giving additional evidence for the proposed SCFT [31] .
Four-dimensional black holes
The answer for the five-dimensional in (3.18) is highly suggestive. For example, the first term with s = 1 comes just from the elliptic genus for symmetric product of K3 which is closely related to the Igusa cusp form which determines the four-dimensional degeneracies. The Igusa cusp form differs from the elliptic genus of the symmetric product by a multiplicative piece which was called 'Hodge anomaly' in [34] . This piece is crucial for the automorphic properties of the Igusa form under Sp(2, Z). Physically, it corresponds to the contribution of KK-P bound states [6, 7] and is essential for obtaining an S-duality invariant spectrum. The Hodge anomaly is however different for each piece in the sum which suggests that these contributions also have to be included appropriately in the symmetrization. Below we will argue for the same from a microscopic point of view.
To understand the entropy of 4d black holes, we go back to the situation when the radius R of the charge I Taub-NUT space is large but finite. The spacetime is R× T N I × S 1 × K3 with the branes wrapping S 1 and K3 as before. The presence of the KK monopole, even for I = 1, breaks the SU(2) L symmetry to U(1) L . The low energy effective theory is again governed by a (0, 4) SCFT in two dimensions living on R × S 1 . The case of I = 1 KK monopole was analyzed in [4, 7] . We can recast the computation as counting BPS states in the sigma model
The first factor is the same (4, 4) theory that entered the 5d computation. The piece σ(T N 1 ) describes the bound states of the center of mass of the D1-D5 with the KK monopole, it is a (0, 4) theory with two fermion zero modes. The piece σ L (KK-P) describes the bound states of the KK monopole and momentum and is a conformal field theory of 24 left-moving bosons of the heterotic string, which can be deduced from the duality between the Type-IIB KK-P system and the heterotic F1-P system. We briefly discuss the latter two pieces in §A.2.
The system of I KK-monopoles contains many bound states at threshold. Analysis of the bound state problem directly from the quantization of the moduli space of KK-monopoles is quite subtle in general. However, we can deduce the structure of the bound states from the dual heterotic string. BPS states with KK-monopole charge I in the Type-IIB frame map to BPS states with fundamental string winding charge w = I in the heterotic frame. From the analysis of the perturbative Hilbert space of the heterotic string, we know that this sector will contain single particle states of multiply wound strings as well as multi-particle states of singly wound strings and various possible combinations in between. The important point though is that most multiparticle states will have far too many fermionic zero modes to contribute to the index of our interest. For our purposes we need to focus our attention only on those states that have exactly two complex fermionic zero modes.
It is illuminating to study the dual F1-P system in the heterotic frame to gain further insight. As explained in detail in §3.2, the only contributions come from properly symmetrized wavefunctions of a collection of KK-monopoles all of charge s, for all s which divide I.
Consider now the full problem of T N I and D1-D5 with momentum excitations. The Dbranes can be thought of as internal quantum numbers to the effective theory on the string describing the I monopoles and must be symmetrized along with it. As before, the string must divide equally into the shorter strings of equal length. When momentum is added, the only contribution comes when it has a common factor with I.
Note that this procedure preserves the four dimensional electric-magnetic duality of the system which is nontrivial. It turns out that the same procedure indeed gives the correct answer for the N = 8 theory on the T 4 which can be independently checked using the larger duality group in that case [31] .
Let us note that the dyon is free to move in the transverse R 3 . We are interested in a black hole sitting at rest and hence do not integrate over the bosonic zero modes corresponding to this motion. Hence we also do not integrate over the four complex fermionic partners of these center of mass coordinates. These coordinates are common to all subsystems and their quantization gives rise to an overall multiplicative factor for the degeneracy.
The precise proposal is now that the theory describing the low energy excitations of our system of interest is the (0, 4) theory Sym I (X 4d )/Z I . The states considered in (3.4) have no winding charge around the Taub-NUT which correspond to the quantum symmetry in the orbifold limit. As before, because of the Z I projection, a state with U(1) L chargeñ in the orbifold theory descends from a state with J 0 R-charge l = Iñ in the parent (4, 4) theory. Therefore, the degeneracy of these states is given by
where theĉ are defined by the Fourier expansion of the modified elliptic genus of the (4, 4) theory Sym I (X 4d ).
The factor of (−1) l noted in [5, 19] arises because the charge quantum numberñ in four dimensions becomes the spin quantum number j in five dimensions. The overall negative sign arises because we are counting the number of bosonic supermultiplets minus the number of fermionic supermultiplets [35] .
Following the same argument as in the previous section and using the theorem in §A.1, we find
This degeneracy is given in terms of the modular form Φ 10 and we can express the answer as:
The contours C s above are defined by
with C ≡ C 1 . In terms of the invariants (Q 2 , P 2 , Q.P ) and I = gcd(Q ∧ P ) of the charge vector Γ (3.4), we can rewrite this formula as
The degeneracy can also be expressed as
Consistency checks
The degeneracy of dyons Ω(Γ, φ) that follows from the proposed microscopic SCFT must satisfy a number of physical requirements. 1. It must be integral and S-duality invariant. 2. For large charges, log(Ω(Γ, φ)) must agree with Wald entropy of corresponding black holes. 3. For small charges, it must agree with the degeneracy of corresponding field theory dyons.
4. It must display the correct moduli dependence and walls of marginal stability.
Indeed, imposing all these four requirements and from the experience with the I = 1 case, a dyon partition function was proposed in [15, 16] which exactly coincides with the partition function (3.27) that we have derived from the microscopic SCFT. In the macroscopic analysis of [15, 16] , the form of the various terms in the partition function and their relative coefficients were fixed by hand by demanding the first three of these requirements. The resulting formula then satisfied the fourth requirement in a nontrivial way. Our microscopic derivation automatically gives the correct structure as well as the relative coefficients of all terms in the partition function in a very natural way.
It is satisfying that the modified elliptic genus of the microscopic SCFT naturally incorporates all macroscopic physical requirements. We briefly discuss below some of the salient points of these macroscopic tests, which further support the arguments that we have used to deduce the microscopic theory.
Duality properties and moduli dependence
Integrality of the degeneracy for I > 1 follows from the integrality of the degeneracy for the I = 1 case from (3.28).
To check for S-duality invariance, let us see how the physical S-duality group SL(2, Z) is embedded in the Sp(2, Z). This can be deduced from our experience with the case of I = 1 by demanding S-duality invariance of the spectrum. Consider an S-duality transformation
under which the moduli φ transform to φ ′ taking us to a new chamber X ′ . In particular, the axion-dilaton modulus transforms as 2) and other moduli are fixed. The degeneracy for the new set of charges in the new chamber is given by
To exhibit S-duality invariance, we demand that
, Now, such a transformation of τ can be viewed as an Sp(2, Z) transformation
This defines the embedding of the physical duality group into the Sp(2, Z). The partition function Z I is however not invariant under the full SL(2, Z) but only under a congruence subgroup Γ 0 (I) defined by matrices
To see the invariance of the partition function under this subgroup, we consider the transformation properties under each of the terms (3.27) under h. Note that
Using the fact that b = 0 mod (I) and using the modular properties of Φ 10 (ρ, σ, v) under Sp(2, Z), it is easy to see that
Hence Z I defined by (3.27) is invariant under Γ 0 (I) ⊂ Sp(2, Z) transformations of the form (4.4) with b = 0 mod I.
To prove duality invariance under Γ 0 (I), we can change the integration variable from τ to τ ′ . Using the above transformation properties we see that
Under these change of variables the integration contour C ′ goes to C and we obtain
We therefore see that the degeneracy defined by (3.26) is manifestly invariant under Γ 0 (I). The complete spectrum of dyons should of course be invariant under the full SL(2, Z) which is the physical duality group. To exhibit this duality invariance we proceed as follows. Consider the coset
where k is the order of Γ 0 (I) in SL(2, Z) and g 0 is the identity element. The function Z I is not invariant under the full SL(2, Z). Under the action of an element g l it will transform to a new function which we denote by Z 1, 1, 1) . However, the degeneracy of these dyons Γ (l) can be defined simply by using the transformed partition function Z (l) I . With these definitions, the resulting spectrum is thus manifestly duality invariant under the full duality group SL(2, Z).
The formula for the degeneracy defined in (2.13) does not appear to have any moduli dependence but it is contained secretly in the choice of the contour [18, 1, 19] . Since the degeneracy is really an index, it does not have continuous moduli dependence. However, it can have discrete jumps while crossing walls of marginal stability where the state is marginally stable to decay into half-BPS states. This discrete dependence on the moduli is nicely encoded in the choice of the contour. The walls divide up the moduli space into chambers (X, X ′ , . . .).
The formula above, defined using a contour C is valid for φ belonging to a specific chamber X. Different contours (C, C ′ , . . .) which cannot be deformed into each other without crossing poles of the partition function are in one-to-one correspondence with the chambers (X, X ′ , . . .).
Crossing a pole in the τ plane corresponds to crossing a wall in the moduli space. Hence, the difference in the degeneracies in going from a chamber X to a chamber X ′ by crossing a wall is simply given by the residue at the pole that is crossed while deforming C to C ′ . The pole structure of the partition function thus captures the structure of the walls in a beautifully consistent manner for all values of I. Precise relation between the contours and the chambers for I = 1 can be found in [18, 19] . Analysis of walls for I > 1 can be found in [16, 13] .
Comparison with black holes and field theory dyons
In the large charge limit, the degeneracy Ω(Γ, φ) derived above can be compared with degeneracy of corresponding dyonic black holes. More precisely, we take the invariant ∆ to be very large, ∆ >> 1, and can take Q 2 , P 2 , Q · P all large and of the same order. The leading asymptotics to the degeneracy is determined by the first term in (3.27) with s = 1 for all values of I. This term is identical to the I = 1 case with the same value of ∆, and hence the resulting statistical entropy matches with thermodynamic Wald entropy including the subleading correction [36, 37] that is suppressed by inverse powers of charges, coming for four derivative corrections to the Einstein-Hilbert action.
The black hole entropy is not sensitive to the terms in (3.27) corresponding to s > 1 which are exponentially suppressed compared to the s = 1 term. To see their contribution, we must consider the opposite limit of small charges. In this limit, we consider the dyons with
These dyons correspond to Stern-Yi dyons in SU(3) gauge theories which arises as a field theory limit of string theory as explained in [38, 39] . The field theoretic degeneracy of the Stern-Yi dyons has been computed independently using various methods [40, 41, 39] , and is known to equal I. This precisely matches predictions from the string-theoretic partition function that we have derived from the microscopic SCFT. The factor of I comes from the term s = I in (3.27) and hence is sensitive to the exponentially subleading terms.
We thus see that the degeneracy that follows from our microscopic partition function is consistent with the physical expectations in the two opposite limits of large and small charges.
Conclusions
We have shown that the partition function for dyons for all values of I can be derived from a modified elliptic genus of a microscopic (0, 4) SCFT in a uniform way. The resulting degeneracies satisfy a number of nontrivial physical consistency checks. This derivation relied on a specific representative in the duality orbits. Since I is the unique discrete duality invariant relevant to this problem, one can deduce the degeneracies of all dyons that lie in the duality orbits of these representative ones and then extend them appropriately as explained in S4.1 to obtain a dyon spectrum that is invariant under the full duality group G(Z).
We should emphasize that we have used a specific index in the microscopic theory which is proportional to the helicity supertrace B 6 = T r(−1)
2λ (2λ) 6 in spacetime where λ is the 4-dimensional helicity. Therefore, we have counted the number of bosonic minus fermionic supermultiplets of all dyons that come in 64-dimensional super-multiplets and which do not have any additional fermionic zero modes. We have seen that the structure of the fermionic zero modes plays a very crucial role in the derivation. The analysis of the more familiar case of perturbative multiparticle Hilbert space of multiply wound strings in §A.3 shows that many configurations which do exist in the spectrum may not contribute to this particular index if they have additional fermionic zero modes. Indeed, the analysis of field theoretic dyons indicates, that such dyons must be present which correspond to string networks that are not planar [42, 43] . Such dyons with additional faces are expected also from the analysis of [12] which correspond to higher genus worldsheets of M5-branes. Generically these dyons will have far many more zero modes. It would be interesting to see if an index or a similar quantity other than E 2 can be used to count these dyons.
This discussion of fermionic zero modes is relevant also for seeing why the entropy enigma noted is [44] in the context of N = 2 dyons is not relevant in the present context. Multi-centered black holes which can have more entropy than the single-centered black holes can exist also in N = 4 supergravity. However, if they have more fermionic zero modes, then they will not contribute to the index B 6 and hence the index will count only the single-centered black holes.
By replacing K3 by T 4 , we can perform a similar analysis of dyon spectrum in the resulting N = 8 theory. In this case, the duality group is bigger, and as a result tighter duality constraints are possible which can be used to learn more about the microscopic SCFT. The details will be presented in a forthcoming publication [31] .
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A. Appendices A.1 The structure of the modified elliptic genus E 2 Consider a SCFT with target space X which has complex fermionic zero modes. The elliptic genus of such a theory vanishes due to the presence of these zero modes. As was shown in [28, 29, 30] , there are other topological indices, which do not vanish for such theories. These are defined by adding insertions of the fermion number operator into the elliptic genus which soak up the above-mentioned zero modes.
When the theory X has precisely two fermionic zero modes, the non-vanishing index is the modified elliptic genus of a SCFT on X:
where J 0 andJ 0 are the left and right R-charges. The presence of the (J 3 0 ) 2 soaks up the fermionic zero modes and give a non-vanishing answer. The index E 2 is invariant under smooth deformations of X because the massive representations i.e. the long representations of the N = 4 algebra do not contribute 6 . It's easy to see that for states with L 0 > 0 we have
In the case that the SCFT is a symmetric product Y = Sym n (X), the modified elliptic genus has a special structure -it only gets contributions from some parts of the Hilbert space.
In the long string interpretation of the symmetric product Hilbert space [45] , only the strings of lengths which are divisors of the length of the longest string contribute. This is in contrast with the case when X has no fermionic zero modes, when the strings of all lengths smaller than the longest one contributes. We review this theorem in this appendix. We start by considering the partition function Z(X; q, q, y, y) = Tr RR (−1)
and then we take its second derivative
Let the Fourier expansion of this function be
To compute the modified elliptic genus of a symmetric product we first determine the generating function
where the sum is over weights that satisfy
The invariance of the E 2 under smooth deformations of X translates into the condition l l 2 c(∆, ∆, l, l) = 0 for ∆ > 0, (A.6) and the existence of two complex fermion zero modes implies
respectively. Proceding with two derivatives and taking into account the last constraints we find
If we want E 2 (Sym I (X)) we have to pick the coefficient of p I in the above formula, which gives us
This formula shows that the full Hilbert space separates into a sum over subspaces graded by the divisors of I. Lets see more carefully what is happening in the long string interpretation. The structure of the Hilbert space is of the form:
where the sum is over the partitions r<I rs r = I i.e., over the conjugacy classes of the symmetric group of I objects. We denote the Hilbert space of a single "string" of length r as H r (X). In each H r only momenta which are compatible with the length of the string are allowed. In the orbifold language, this is simply saying that each H r is a Z r invariant space, Z r being the centralizer subgroup in effect.
The partition function corresponding to each term in the above direct sum (A.9) is a product of partition functions, one for each length r. When we apply two derivatives, all terms with more than one r in the product will vanish. The only surviving sectors are the ones with a single r. This corresponds to partitions of k which are integer factorizations rs r = k which physically correspond to symmetrized subspaces composed of strings of equal length. Because of the symmetrization, they preserve exactly two fermion zero modes. The overall factor of s in each such subspace can be understood as arising from the two derivatives applied to each factor, which has to do with the specific index E 2 that we are computing.
A.2 Counting states in σ(R 4 ), σ(T N), and σ(KK − P)
The sigma models σ(T N), σ(KK-P) and σ(R 4 ) contribute BPS states to the 4d and 5d counting problems discussed in the main text. In this appendix, we shall briefly sketch the counting of BPS states in these models. In each of these models, the relevant states are quarter-BPS or half-BPS and captured by different number of insertions of the fermion number operator.
In the 5d counting problem, the model σ(R 4 ) arises as the space transverse to the D1-D5 brane system describing the motion of the center of mass. It consists of two free complex bosons and fermions which transform as a vector multiplet [33] . This is to say that the rotations of the R 4 acts as an R-symmetry in the 2d SCFT and so the bosons are also charged under it. The two complex fermion zero modes mean that the first non-vanishing index is:
(A.10)
Note that the bosons also have zero modes which will give rise to an infinite volume which multiplies the partition function. However, the translational invariance of the system allows us to divide this factor out, and the above partition function is really per unit volume. In the 4d counting problem, the space transverse to the brane system is the Taub-NUT geometry with charge one, and the sigma model describing the motion of the center of mass is σ(T N). When the radius R of the Taub-NUT geometry is large compared to string scale, the space looks almost like R 4 . However, in this case there is no translational invariance and we should compute the full partition function including the volume factor. There are no left moving fermion zero modes in the Taub-NUT space, but there are still two complex fermionic zero modes on the rightmoving side. Thus we should compute the modified index E 2 [7] :
The sigma model σ(KK-P) describes the momentum excitations of the KK monopole. This system is dual to the fundamental heterotic string with leftmoving momentum excitations. It has four complex rightmoving fermionic zero modes, and we need as many insertions of the fermion number operator. The number of half BPS states is counted by the partition function:
A.3 Multiparticle Hilbert space of the F1-P system
We will try to understand aspects of the bound states of multiple KK-monopoles and momentum from the dual heterotic string theory on
In the heterotic frame we have an F1-P system of BPS states with winding w = I and momentum n [46, 47] . Some aspects of the bound states of multiple KK monopoles and momentum have been analyzed also in [48] . What we describe below is essentially a physical restatement of (A.7) which is illuminating for understanding the physics of the KK-momentum bound states and the associated fermionic zero modes.
A KK-monopole of unit charge in the Type-IIB frame is dual to a fundamental heterotic string winding once around the circle S 1 . The effective worldvolume theory of the KK-monopole on R × S 1 is therefore exactly that of a heterotic string in static gauge. The left-moving theory has 24 left-moving bosons. The right-moving theory is the Green-Schwarz superstring with 8 bosons and 8 fermions. This can be derived also directly from the analysis of various massless modes of Type-IIB on R 1 × T N 1 × S 1 × K 3 [35] . The worldvolume theory is a (0, 4) superconformal field theory.
For KK-monopole chargeK = I the situation is more complicated and one has to worry about various bound states at threshold in multiple KK-monopole moduli space. Duality with the fundamental string is very useful here to deduce the structure of these bound states. On the heterotic side, we have to look for all states with total winding number w = I. We know at weak coupling that a single string wound I times exists as a BPS state in the single-particle Hilbert space and hence in the dual IIB description we expect that a bound state of threshold should exist with total chargeK = I in the multiple KK-monopole moduli space. To count all states, we have to keep track of all such bound states at threshold.
Not all states with the correct quantum numbers need contribute to the index under consideration. The index will vanish for all states that have an excess of zero modes. To see this more clearly, it is instructive to analyze in some detail the structure of the perturbative Hilbert space of BPS strings. We will work at zero string coupling so the theory is free. A generic configuration consists of n r strings of winding number r such that w r=1 rn r = w. When some of the strings are identical, one has to symmetrize their wavefunctions. Together, the Hilbert space can be written as H = ⊕ {nr } ⊗ r>0 Sym nr (H r (X)), w r=1 rn r = w (A.13)
Not surprisingly, this is nothing but the Hilbert space of the symmetric product of w singly wound strings H(Sym w (X)).
A crucial point to note now is that the single particle and multiparticle states come in different supermultiplets with different number of fermion zero modes. In our example, each single particle state is a 16-dimensional short multiplet in four dimensions. This arises from quantizing the four complex fermion zero modes that arise from eight broken supersymmetries or equivalently the zero modes of Green-Schwarz fermions. In a free theory, multiparticle state with I particles, will therefore have 4I zero modes. It is a much larger supermultiplet which is an I-fold tensor product of the 16-dimensional supermultiplet. Now, to count the states we have to compute an appropriate helicity supertrace in 4d spacetime that soaks up the fermion zero modes. In this example, the correct helicity supertrace would be B 4 = Tr[(−1) 2λ (2λ) 4 ] where λ is the four dimensional helicity. On the worldvolume SCFT this would correspond to a modified elliptic genus E 4 . Because of excessive fermionic zero modes, most of the multiparticle states, even though they surely exist in the spectrum, will not contribute. However, some symmetrized multi-particle states can contribute because symmetrization will effectively reduce the fermionic zero modes from 4I to 4.
To illustrate this more clearly, consider a simple example of a state with total winding number 3. This state can be realized either as a single string with winding number 3; or as two strings, one with winding number 1 and the other with winding number 2; or as three strings all with winding number 1 each. A single string with winding number 3 will surely contribute because it carries four fermion zero modes. Two strings, one with winding number 1 and the other with winding number 2 cannot contribute because they have twice as many zero modes. Three strings all with winding number 1 each will contribute only when they are sitting on top of each other, all other quantum numbers are identical and they are symmetrized so that the effective number of fermion zero modes is still four.
Adding momentum does not change this basic picture. A priori, this Hilbert space is a direct sum of many states of different number of strings with different winding numbers and different momentum distributions such that the total winding and momentum add up to (w, n). However, now the BPS mass formula prevents certain splittings that were allowed with just winding number. Fermionic zero modes further restrict the allowed states.
For a generic point in moduli space, the BPS mass formula for a string of momentum and winding (n, w) is a square root of the sum of squares m = n 2 + C 1 w 2 + C 2 nw (A.14)
where C 1,2 are real numbers depending on the Kähler and complex structure modulus. See for example [49] . The mass formula therefore only allows for a BPS splitting m = m i only if (n, w) have a common factor, (n, w) = a(m, v). Then the splitting is n i = mn To conclude, this analysis gives us a qualitative understanding of which KK-momentum bound states can appear in our counting problem. The essential physics of the sum over s, which runs over all divisors of I = w, is determined by the fermionic zero modes. The power of s will depend on what modified elliptic genus one is computing. For example, instead of toroidally compactified heterotic string, we could have considered Type-II or heterotic strings either on T 4 or K3 with different numbers of worldsheet supersymmetry on the left and right. Depending on the number of fermionic zero modes, one would need to compute appropriate modified elliptic genus E k and accordingly the sum over s will be weighted with s k−1 . However, in all cases, an s-particle state will contribute only if s divides I and n as in (A.7). This does not preclude the possibility that other bound states may exist which might have more fermionic zero modes.
